Attempts to extract the order of the chiral transition of QCD at zero chemical potential, with two dynamical flavors of massless quarks, from simulations with progressively decreasing pion mass have remained inconclusive because of their increasing numerical cost. In an alternative approach to this problem, we consider the path integral as a function of continuous number N f of degenerate quarks. If the transition in the chiral limit is first-order for N f ě 3, a second-order transition for N f " 2 then requires a tricritical point in between. This in turn implies tricritical scaling of the critical boundary line between the first-order and crossover regions as the chiral limit is approached. Non-integer numbers of fermion flavors are easily implemented within the staggered fermion discretization. Exploratory simulations at µ " 0 and N f " 2.8, 2.6, 2.4, 2.2, 2.1, on coarse Nτ " 4 lattices, indeed show a smooth variation of the critical mass mapping out a critical line in the pm, N f q-plane. For the smallest masses the line appears consistent with tricritical scaling, allowing for an extrapolation to the chiral limit.
I. INTRODUCTION
Knowledge of the nature of the chiral phase transition of QCD with two flavors of massless quarks is of great importance for further progress in various directions of particle and heavy ion physics. Besides its theoretical relevance for the interplay of chiral and confining dynamics, it has also implications for the thermal transition of physical QCD. The light quark mass values realized in nature are close to the chiral limit and the thermal transition might well be affected by remnants of the chiral universality class. Furthermore, the chiral limit of the two-flavor theory constrains the nature of the QCD phase diagram at finite baryon density, see e.g. [1] .
Unfortunately, simulations of lattice QCD with standard methods are impossible in the chiral limit because of the associated zero modes of the Dirac operator. Thus, the computational cost rises with some power of the inverse quark mass and simulations are limited by some smallest mass depending on the lattice action, algorithms and machines. Moreover, for the cheaper Wilson and staggered type actions, the continuum limit should be taken before the chiral limit in order to avoid lattice artefacts. As a result, the nature of the chiral transition in the continuum is not yet settled to date.
On the other hand, the nature of the thermal QCD transition is known to depend on the number of quark flavors N f and on the masses m of the quarks. At zero baryon density and in the chiral (m Ñ 0) limit the transition is expected to be first-order for N f " 3 degenerate cuteri@th.physik.uni-frankfurt.de : philipsen@th.physik.uni-frankfurt.de ; sciarra@th.physik.uni-frankfurt.de quark flavors [2] , while its nature for N f " 2 degenerate quark flavors of mass m u,d is still under debate. Based on an ε-expansion it was argued already long ago that the order of the transition depends crucially on the strength of the U p1q A anomaly at finite temperature [2] . Possible scenarios are depicted in Figure 1 . Distinguishing between these for N f " 2 in numerical simulations is a challenging task. On coarse N τ " 4 lattices with lattice spacing a " 0.3 fm using unimproved Wilson [3] and staggered [4] actions, a region of first-order transitions is explicitly visible, terminating in a critical quark mass in the Z 2 -universality class. For three degenerate flavors, N f " 3, the first order region is wider than for N f " 2, i.e. the critical mass marking the boundary between the first-order and crossover regions is larger, both for Wilson [5] and staggered fermions [6, 7] . This is in accord with the general expectation that a larger symmetry renders the transition stronger, as sketched in Figure 2 . Initial investigations of N f " 4 in the staggered discretization confirm this general trend [8] . On the other hand, again for both discretizations and all N f , the first order region shrinks as the lattice is made finer [9, 10] , with the critical quark masses becoming unreachably small when highly improved actions and/or fine lattices N τ ě 12 are used [11] [12] [13] . Quite generally, for all N τ 's investigated so far, the first-order region is vastly smaller for staggered discretizations, suggesting that the latter have the smaller cut-off effects in the critical quark mass configuration. Altogether it thus remains a formidably difficult task to determine whether or not a finite first-order region survives in the continuum limit.
This situation motivates attempts to better constrain the first-order region by studying its extension in additional parameter directions, which might allow for controlled extrapolations to the chiral limit. The idea is based on the fact that a first-order transition in the chiral limit on a finite system represents a three-state coexistence (with the chiral condensate being positive, negative or zero). If a continuous parameter is varied such as to weaken the transition, like increasing the strange quark mass m s in Figure 1b , the three-state coexistence may terminate in a tricritical point, which governs the functional behavior of the second-order boundary lines emanating from it by known critical exponents. Thus, if such a boundary line can be followed into the tricritical scaling regime, an extrapolation becomes possible. This kind of approach has been successfully tested varying imaginary chemical potential. There is compelling numerical evidence [14] [15] [16] [17] that, whatever the realized scenario for the Columbia plot at µ " 0, the chiral first order region widens in m u,d as soon as a nonzero imaginary chemical potential is switched on, which makes it easier to map out its second order critical boundary. A different analysis [18] also finds the chiral first-order region to become larger both with increasing chemical potential and additional N f heavy flavors considering p2`N f q-flavor QCD.
In this paper we investigate to which extent we can alternatively exploit the dependence of the chiral transition on the number of light degenerate flavors N f as a means to perform controlled chiral extrapolations. To this end, we treat N f as a continuous real parameter as explained in Section II and sketched in Figure 2 . Starting from N f " 3, where there is a first-order chiral transition region for finite quark masses, we then follow its boundary line to smaller m and N f until we indeed observe an apparent onset of tricritical scaling. The extrapolation to the chiral limit with known exponents can then decide between the two scenarios in the figure, depending on whether the tricritical value of N f is larger or smaller than 2. The problem is analogous to that of determining the order of the phase transition of q-state Potts models in d dimensions, which can be either first-or second-order separated by a tricritical line in pq, dq-space. In particular, for d " 3 the transition is first order for q " 3 and second order for q " 2. In [19] an analytic continuation to non-integer values of q leading to simulable models was presented, for which a tricritical value q tric « 2.2 was determined [20] .
In Section III our numerical analysis using staggered fermions on N τ " 4 lattices is illustrated. Section IV is dedicated to a study of the finite size effects affecting the skewness of the chiral condensate distribution sampled in our simulations, hence our strategy for the location of the phase boundary. In Section V we present and discuss our results. Lastly, Section VI contains our conclusions.
II. LATTICE QCD FOR NON-INTEGER N f
We consider QCD with N f mass-degenerate quarks of mass m at zero density and the partition function reads
Ignoring, for the moment, that it originates from QCD, we can formally view this as a partition function of some statistical system characterized by a continuous parameter N f . Our question then is for which (tricritical) value of N f the phase transition displayed by this system changes from first-order to second-order. Of course, the extension of Z N f pmq to non-integer values of N f is not unique, with infinitely many possibilities to fill in values such that in the limits N f Ñ 2, 3 the respective QCD partition functions are recovered. In general such interpolations using non-integer powers of the determinant will not correspond to local quantum field theories. To interpolate it is e.g. possible to consider a partition function with a fixed integer number of N we can now find an in general non-integer value of N f for our statistical system Z N f pmq, such that (with all other parameters held fixed)
However, for our study it is not of too much interest whether the system with non-integer N f corresponds to a local quantum field theory. Rather, for any given lattice spacing, we are just considering a statistical system that represents one particular interpolation between two local quantum field theories with integer N I f . Accordingly, the precise value of N tric f , which we seek to determine, has no meaning in itself other than being located between two particular integer N 
III. SIMULATION SETUP AND NUMERICAL STRATEGY
For our practical exploration we employ staggered fermions, where the first-order region is narrow already on coarse lattices. In this discretization scheme the determinant needs to be rooted in order to describe a number of quark species that is smaller than four. The RHMC algorithm [22] can be used to simulate any number N f of degenerate flavors of staggered fermions, with N f 4 being the power to which the fermion determinant is raised in the lattice partition function. In this framework it is straightforward to also consider non-integer N f .
All numerical simulations have been performed using the publicly available [23] OpenCL-based code CL 2 QCD [24] , which is optimized to run efficiently on AMD GPUs and provides, among others, an implementation of the RHMC algorithm for unimproved rooted staggered fermions. In our exploratory study, conducted at zero chemical potential µ " 0, we kept the temporal extent of the lattices fixed at N τ " 4. The ranges in mass m and gauge coupling constant β of the investigated parameter space were dictated by our purpose of locating the chiral phase transition for values of the mass Table I . Overview of the statistics accumulated in all the simulations (Nτ " 4 and µ " 0). The indicated β ranges are the ones over which, for the smallest considered volume, simulated data for B3pβ, mq and B4pβ, mq were used as input for the Ferrenberg-Swendsen reweighting [21] , which interpolates between the simulated β to allow for a more precise determination of βc and, thus, of the order of the transition. Per each β range we also indicate the number of simulated β because the resolution in β changed both with m and with Nσ. In the indicated total statistics per Nσ we are summing up the number of simulated trajectories over 4 independent Markov chains and over all simulated β. The average length of each chain is then easily inferable.
m around the critical m Z2 value, with the temperature related to the coupling according to T " 1{papβqN τ q. Moreover, to locate and identify the order of the chiral phase transition a finite size scaling analysis of the third and fourth standardized moments of the distribution of the (approximate) order parameter is necessary. The n th standardized moment for a generic observable O is expressed as
Being interested in the thermal phase transition in the chiral limit, we measured the chiral condensate ψ ψ as approximate order parameter. In order to extract the order of the transition as a function of the quark mass and number of flavors, we considered the kurtosis B 4 pβ, mq [25] of the sampled ψ ψ distribution, evaluated at the coupling β c for which we have vanishing skewness B 3 pβ " β c , m, N σ q " 0, i.e. on the phase boundary. In the thermodynamic limit N σ Ñ 8, the kurtosis B 4 pβ c , m, N σ q takes the values of 1 for a first order transition and 3 for an analytic crossover, respectively, with a discontinuity when passing from a first order region to a crossover region via a second order point, where, if the transition is in the 3D Ising universality class, it takes the value 1.604 [26] ,
The discontinuous step function is smeared out to a smooth function as soon as a finite volume is considered. However, and in the vicinity of a critical point, the kurtosis can be expanded in powers of the scaling variable x " pm´m Z2 qN In our case, the critical value for the mass m Z2 corresponds to a second order phase transition in the 3D Ising universality class, so that one can fix B 4 " 1.604 and ν " 0.6301. Our simulated values for B 4 pβ c , m, N σ q are then fitted to Eq. (5) and the fit parameters c and m Z2 are extracted. We are particularly interested in m Z2 indicating the position in mass of the Z 2 critical boundary in the pm Z2 , N f q-plane. We varied the spatial extent of the lattice N σ such that the aspect ratios, governing the size of the box in physical units at finite temperature, was in the range L{T " N σ {N τ P {2, 3, 4, 5}. The whole study has been repeated for 5 different N f values, N f P {2.8, 2.6, 2.4, 2.2, 2.1}. For each parameter set {N f , m, N σ , β}, statistics of about p200k´400kq trajectories has been accumulated over 4 Markov chains, subject to the requirement that the skewness of the chiral condensate distribution is compatible within 2 to 3 standard deviations between the different chains. A detailed overview of all our simulation runs is provided in Table I .
IV. FINITE SIZE EFFECTS AND THE ZERO-CROSSING OF THE SKEWNESS
Besides the increase in simulation time, numerical studies approaching the chiral limit also feature additional intricacies in the data analysis. We are not aware of any literature on these technical issues and hence present them here.
Below the critical temperature chiral symmetry is both spontaneously and explicitly broken, above the critical temperature there is chiral symmetry restoration for what concerns the spontaneous breaking, still quark masses break it explicitly. This reflects in our results for the chiral condensate ψ ψ being non-zero both in the chirally broken and in the chirally restored phase. Before going to actual results let us first consider what happens in some volume V close enough to the thermodynamic limit so that the tunneling probability between broken and restored phase is suppressed. Then the distribution of measured values for the chiral condensate will always be a single normal distribution of some given width characterized by the mean value ψ ψ » 0 ( ψ ψ ‰ 0) for β ą β c (β ă β c ) in the restored (broken) phase. The third standardized moment of such distributions i.e. its skewness would be zero at every β.
However, our simulations take place in not so large volumes where tunneling between stable ground states is probable due to the finite height of the potential barrier between them. This has important effects on the sampled distribution of the chiral condensate and also sets the procedure for identifying the phase boundary. In formulae one can model the described behavior considering the chiral condensate distribution Ppxq expressed as
where
is a Gaussian distribution with mean µ and variance σ 2 , µ 1 and µ 2 ą µ 1 are positive real numbers, as well as c 1 and c 2 , which are the weights of the restored and broken distributions, respectively. Since, in a finite volume, the phase transition takes place smoothly around β c , both the coefficients c 1 and c 2 will be nonzero and depend on β, while always fulfilling the condition c 1`c2 " 1. To keep the discussion as simple as possible the variance of the two Gaussian distributions is assumed to be the same, which does not spoil the qualitative description of our data.
Far away from the critical temperature we will have c 2 " 0 for β " β c and c 1 " 0 for β ! β c . Approaching the critical temperature, for β À β c we mainly sample in the broken phase (an almost Gaussian peak at ψ ψ ‰ 0), but also tunnel to the restored phase (an almost Gaussian peak at ψ ψ " 0), so that our distribution develops a longer left tail, i.e. it is left-skewed. This means that its third moment is negative. On the other hand, for β Á β c we mainly sample in the restored phase, but still tunnel to the broken phase with some probability. In that case the sampled distribution is right-skewed, i.e. its third moment is positive. Indeed, the general expression for the skewness of Ppxq is
and using Eq. (6) leads to
It is easy to see that B 3 Ppxq ă 0 any time c 2 ą . For a more detailed picture we also model the β-dependence of both the coefficient c 2 and the peak positions µ 1 and µ 2 , imposing the constraints c 2 pβ " β c , β c q " 0 and c 2 pβ ! β c , β c q " 1 ; µ 1 pβ " β c , β c q " x 1 and µ 2 pβ ! β c , β c q " x 2 .
Naive ansätze satisfying the above conditions are
where ξ is just a scale factor. Note, however, that the requirements c 2 pβ ! β c , β c q " 1 and µ 2 pβ ! β c , β c q " x 2 are only approximately fulfilled for β " 0. Moreover, Figure 6 . Examples of chiral condensate normalized histograms and corresponding skewness.
according to our ansätze, we also have
The skewness of Ppxq as a function of ∆ β " pβ´β c q follows by inserting the ansätze of Eq. (10) into Eq. (6) and evaluating Eq. (8),
. Figure 3 shows the modeled behavior. The qualitative agreement with our simulation results for N f " 2.8 and m " 0.0200, Figure 4 , is pretty convincing for β ! β c and around β c , but not as much for β " β c , where the skewness seems to flatten out at some positive value rather than at zero. Still, we observe our model to give a better and better description of numerical results in a larger and larger volume, see Figure 5 .
On the other hand, what we can observe in Figure 4 , as well as in Figure 6 , is the way this picture gets distorted when the volume gets too small for a decreasing bare quark mass. The reason for the distortion is the hard lower bound imposed on the distribution of the chiral condensate by our necessarily finite bare quark mass. What happens is that wider and wider (as the volume gets too small) Gaussian peaks in the restored phase at very small values of the bare quark mass become strongly right-skewed because a symmetric left tail would extend beyond the lower bound.
There can still be a value of the coupling (temperature) at which the overall distribution is symmetric when the peak corresponding to the broken phase is sufficiently populated. However, once only the peak corresponding to the restored phase is sampled, its asymmetry prevents the skewness to become zero again (see Figures 4b  and 6b ). At even smaller masses the asymmetry characterizing this peak is such that the overall distribution stays right-tailed, hence the skewness stays positive, at any temperature (see Figures 6c and 6d) . While the vol- ume is increased, both the position of the peaks and their width change in such a way that the expected picture is recovered at any fixed mass. This illustrates the crucial necessity of having larger and larger volumes while the bare quark mass is decreased, in order to avoid a qualitatively biased analysis. Chiral perturbation theory also reminds us of the increasing severity of finite size effects at fixed lattice volume while the bare quark mass is reduced. The GMOR relation
tells us that, in order to maintain m π L " 1, L should grow with the square root of the factor by which the sum of the quark masses is decreased. This observation on finite size effects explains the huge growth in the cost of identifying the critical temperature at smaller and smaller bare quark mass (i.e. smaller N f ). These considerations also have to be taken into account in estimating the costs of extending the present study to larger N τ . In our investigation we used the smallest volume at which a zero crossing of the skewness could be found as the minimal volume in our finite-size scaling analysis. However, to check that the residual finite size effects (B 3 ‰ 0 for β " β c ) were not affecting our results for the critical mass in the case of N f " 2.1, we performed simulations over 4 different volumes (see Table I), considering also N σ " 24 and then excluding in turn the biggest and the smallest volume from the fit. In this way we could check the stability in the value of m Z2 .
V. RESULTS
Our results for m Z2 for all considered N f are collected in Table II and they are the outcome of the kurtosis fit procedure discussed in Section III, of which examples, for the cases N f " 2.8, 2.4, are plotted in Figure 7 Figure 8 show m Z2 to decrease continuously towards zero as N f is lowered. We observe a strinking near-linear behavior down to very small quark masses. Regarding the possibility of future continuum extrapolations, it would be very interesting to find an explanation for this behavior and whether it is possibly genuine on finer lattices as well.
As the critical line approaches the chiral limit we employ the fact that, in the vicinity of a tricritical point, it has to display a power law dependence with known critical exponents [28] . The scaling law in our case is
The plot of the rescaled mass m
2{5
Z2 as a function of N f is displayed in Figure 8b . Our data are consistent with the expected scaling relation for N f ď 2.2 and hence provide an extraplation to the chiral limit resulting in N Figure 8 . A linear fit in the range r2.0, 2.2s is displayed in the rescaled plot (b) and the corresponding curve is drawn in the non-rescaled plot (a). For N f " 2.0 we use the result from the extrapolation from imaginary chemical potential [4] .
N f " 2.0, which is based on a similar tricritical extrapolation from imaginary chemical potential [4] . This is an independent validation of the former extrapolation and at the same time confirms this point to be within the tricritical scaling window, whose width in mass appears to be roughly the same in both extrapolations. Moreover, we even attempted a direct extraction of the critical mass m Z2 at N f " 2.0 to cross-check the result obtained in the extrapolation from imaginary chemical potential (see Table I ). The increase in simulation time was so high that we could not complete the extraction of m Z2 via fit of the kurtosis. On the other hand, for all masses and volumes considered the measured value for B 4 pβ c , m, N σ q turned out to be compatible within errors with B 4 pm Z2 , 8q. This further illustrates the benefit of the tricritical extrapolation discussed here.
VI. CONCLUSIONS
On general symmetry grounds, the chiral phase transition strengthens with the number of light quark flavors. On coarse lattices with unimproved actions it is known to be of first-order for N f ě 2. Here we investigated the nature of the chiral phase transition in the pm, N f q-plane with N f interpreted as a continuous parameter in the path integral formulation of the theory. If the transition in the chiral limit changes from first order to second by reducing N f , there has to exist a tricritical point at some N tric f . The extrapolation of the second order boundary line between the first-order and crossover regions to the chiral limit is then constrained by universality. Our data are indeed consistent with tricritical scaling in the range N f P r2.0, 2.2s and offer a way to extrapolate to the chiral limit in a controlled way. On our coarse lattices the conclusion is for N f " 2 to be in the first-order region, in agreement with earlier results using imaginary chemical potential instead of N f in the same strategy. Taken together, these might provide useful tools on finer lattices, where ever smaller critical masses need to be identified on the way to a continuum extrapolation.
